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ABSTRACT

In this work, we have generalized the nonlinear parabolic equatiens: the Burger's equation, the Fitzhugh
Nagaimo equation and the general nonlinear parabolic equation, which was|solved by Wazwaz, i.e., we
solved in a case space-time fractional derivative (1-3) by using the tanh-coth method:

Keywords: Nonlinear space - time fractional (PDESs), tanh-coth*method, exact solutions, Taylor series of first
order approximation of non differentiable functions.

1. INTRODUCTION

Importance of fractional differential equations in studies some natural phenomena, has spurred
many researchers for the study and discusses some of the well-knownclassicaldifferentialequations,
(see e.g. [11-25]), by replacing some its,derivatives or all by fractional derivatives. In this paper we
have considered the equations:

(1) The space time fractional Burger's'equation

8% 8%y afy
=3 T A

2 = 3 0= @S < 1(1) (1) The space time fractional Fitzhugh Nagumo equation

a%y _ E‘zsu
gt pxEl

parabolic equation

—=ufl —u(a—u), G=ha, f <1(2)(I1)The general nonlinear space time fractional

&
et
wazwaz[1] when « = B ="1.This paper is arranged as follows: In Section 2, we present concepts
that make the chain rule is valid for fractional derivatives. In Section 3, we give the description for
main steps of the tanh-coth method. In Section 4, we apply this method to finding exact solutions
for the space-time fractional equations which we have stated above.

=f
= % + au+ bu®, @< a:f < 1.(3) By using tanh-coth method. These equations discussed by

2. PRELIMINARIES

In this section we used the definition of fractional derivative via difference derivative and the
Generalized Handmaid'stheorem for finding the Taylor series of first order approximation of the
non-differentiable functions and using the latter for concludepower rule and the chain rule of non-
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differentiable functions, and we used these rules with Eq. (21)to get the Eq.(22) and using E.g. (22)
to convert the FPDE (20)into the (ODE) (23).

2.1 Fractional derivative via fractional difference

Definition (2.1.1) f: R — R, denote continuous (but not differentiable function) and let h = 0 denote
a constant discretization span. Define the forward operator [2].

FW(h)f(x) = f(x + h)(4)Then the fractional difference of orderc € B, 0 < a = 1 of f(x)is
defined by expression

A*f(x) = (FW —1)* = oo (—1)*(3) flx + (e — K)h](B)And its fractional derivative of

order « is

flod(x) = limy A% ——(6)And from this definition/wecan derive the alternative
£lo) () = Hiu} (x—w) ™" (F(u) — £(0) )dufe< 0(7)Forpositive o, one wilkset

fled(x) = . ﬂd f (x —u)™*(f(u) — £(0) )du, @' < « < 1(8)And

£ (%) = _r (x—u)” “'“’[f[u:] — f[l]:])du,n < @ =5+ 1(9)

Ii1— r.L+|:'1:I dx®

2.2. Generalized Hadamard's Theorem

We denote byf{z) & €% (Ujthe space of functions f(z)which, are continuously m timesath-
differentiable, Hadamard’s.xTheorem Generalized. Any function f(x) € C*(U)in a neighborhood
of a point#,can be decomposed in the form [3].

f(x) = f(xﬁ}
Whereg(x) € C™*(U)

If we use this theorem tosg(x) in Eq. (10) again we get

f(x) = f(x,) + e x” gl[xuj +& g (%4)(11)2.3. Application to Fractional Taylor Series of

First Order

Corollary (2.3.2).As a result of the generalized Hadamard's theorem, one has as well Taylor series
of first order approximation [3].

f(x) = f(x,) + ':x_u%}ﬂf“(x] + 0(h)**(12)Note that from proof of this Corollary
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A*f(x) = a!Af(x) — O(h)**(13)Whereby we obtain

A*f(x) = T'(1 + «)Af(x)(14)Or in a differential form
d*f(x) = T'(1 + a)df(x)(15)We note that from (13)
£ (x) = limy,_,, i%x}

hold, which are [5]

=F(1+ujlimh_mi@(m)Corollary (2.3.2).The following equalities

D*xf = T (1+BI(B — at+ )=, P>07)F[w()] = £, (i) (18)
=f, (Wu'® (x)(19)Where f in Eq. (18) is non-differentiable w.r.t u, while u is
differentiable w.r.t x, fin Eq. (19) is differentiable w.r.t u; while wis non-differentiablew.r.t x.

Proof: Proof (17): From Eq. (12) let x-xo=h, we have

(%, +h)F —xg

D*%F =T(1+ o) "

— O(h)?*

B
— —{ r(1+ Bj B_k |3 In
=T (1 +wh E;rﬂw N ljhkxﬁ ~ %) =0(h)

I'(1+6) hk'“xg_k] — o(h)®=

i
=1Q +ﬂj[;1‘[k—|— DT(p = kr 1)

And by making h tend to zerowwe obtain

B, k>ao
(14 B]T(B —a + 1)}:5_“, k= o
o, LRE o

Proof (19): we have from E@"(13)
A*f(x) = alAf(x) —O(h)*™
This provides, for small h,
h™*A%f(x) = o' h™*Af(x) — h™*0(h)®

And by making h tend to zero we obtain

d(u)  wdf df aldu _ Edﬂu

dx™ _E_ du dx® duﬁ'
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3. OUTLINE OF THE TANH--COTH METHOD

In this section we gave a brief description for the main steps of the tanh-coth method. For that,
consider a space-time fractional nonlinear parabolic equation in two independent variables x, t and a
dependent variable u

P(u,D%u,Dfu,D¥u,D¥Fy,..) =0, 0<af < 1(20) Stepl.We.use the transformation:

_ " w kxe? et™ 4 .
u(x,t) =u(g), &= Tep Tt +u}(21) Where ¢ andk are arbitrary constants different from zero.

Based on this and using Eg. (17) and Eqg. (19) we can easily drive:
a* d

g Cdr

b 2f
A AR (22)And so on. Eq. (22) changesithe Eq. (20) to an (ODE) as:

g d_:';'ﬂt:s

Q(u,u,u,u ,..) = 0(23) WhergaQ.is a polynomial of ‘u and its derivatives and the superscripts

indicate the ordinary derivatives with'respeéet.to &. If possible, we should integrate Eq. (23) term by
term one or more times.

Step2. Suppose thesolutions of Eq. (23).can be expressed as a polynomial of Y in the form

u(®) = S(¥) = XL _,;a,¥(24) Where a,(i = 0, 1... M) (M is positive number, called the balance

number) afe constants to be determined later, while the function Y= tanh (u&), Y satisfies the
differential equation

Y ;
= u(1-Y?
iz M )

So by using chain rule we can write:

d _dvd

T qcdvy

_d(d‘fd)
2 de\dedy

-@E)®E)-® @) @
“e\e ) "\w\ez) " \&@) &) T @GR

. d
1—Y2)—
u( ]d*f
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4 g d 7 qma f dF d .
=—-2Yp*(1—-Y?%) T (1—-Y%)° (E)(ZS)And so on, where Dy = —, p is a constant.

The positive integer M in Eq.(24)can be determined by considering the homogeneous balance
between the highest-order derivatives and nonlinear terms appearing in Eq.(23) If M is equal to a
fractional or negative number, we can take the following transformations [4].

1- When M = E(Where M:s) is a fraction in lowest terms), we let

a
u(£) = ve(£)(26) Substituting Eq.(26) into Eq.(23) and then determine the value of M in new
Eq.(23)

2- When M is a negative integer, we let

u(Z) = vM(£)(27) Substituting Eq.(27) into Eq.(23) and return to’detérmine, the value of M
once again.

Step3. Substituting from Eq. (25) into the Eq.(23) we get
R(Y,S(Y),S (Y),5"(Y),...) = 0(28)

Step4. Substituting Eq. (24) into the Eq. (28) yields an‘equation in powers of Y. We then collect all
coefficients of powers of Y in the resulting equation where these coefficients have to vanish. This
will give a system of algebraic mvelvingsthe parameters a;. (k= 0, 1, 2...M), u, ¢ and having

determined these parameters we obtain an analytic selution u(x, t) in a closed form.

4. APPLICATIONS

1. The space<time fractionahBurger's equation

. 2 i
Tu _ TR Laudl, 0< af = 1QR9)Substituting from Eq. (22) changes the FPDE (29) into the

E B0 Bt
following nonlinear (ODE)

cu + k?u + aluu = 0(30)Integrating Eq. (30) with respect to & and setting the integration
constant to zero, we get

cu+k?u + ﬂ?kuz = 0(31)Balancing u’ with u> we obtain M=1.Thus Eq. (24) becomes
u(®) = sS(Y) = a_, Y ' + a, +a,Y(32)Substituting from Eq. (25) into Eq. (31) we get

cs+ uk?(1 - YD) S + 257 = 0(33)

Substituting Eq. (32) into Eqg. (33) then by using maple package we get a system of algebraic
equations for a_,, a, a; and p, c in the form:
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—3 = 1 -

Y% pkta_, —Eakail =

Y ':akaja_, +ca_, =0
D ¥ b ] 1 ¥

Y o:pk®a;, +pkta_; + Ekﬁaﬁ- + cay +aka;a_, =0

Y:ca; + akaga; =0
2, 1.2 1 .z

Yo:uk al—Eakal =0

Solving these resulting equations using Maple, we obtain the‘following three sets of solutions:

—c Fe Fe
.a_,=0 a,=—,a, =—, 0L =—
1 1 r 3T o T BT

iﬂ —-c $I'.'
2. a_lziraﬂz alzﬂrl_l:—

ak’ 2k?

33 _ Tc q. = _ tc _ T
L gak’ O g 2k M T e

Where ¢ and k are arbitrary constantss.This in turn gives Kink selutions:

—c <+ koef ct®
W Got) = o (1 - tanh(zk? (1"(1 TP T+ uj)))

—c Sc (kP ct”
u,(x,t) = i (1 + coth (21{2 (T[l +B) 5 L1+ ﬂj)))

—C

_ . . +c e ct®
ug[x’ﬂ_ﬁ = AENE(1+8) T(1+ )

+ coth - kP ct®
=0 4k2(r[1+|3]_ T[l-i—u])

2. The space-time fractional Fitzhugh Nagumo equation

8%y 5%y
E T axt
into the following nonlinear (ODE)

—u(l—u(a—u), 0<qp < 1(34)Substituting from Eq. (22) changes the FPDE (34)

cu + k%u — u(1— u)(a— u) = 0(35)Balancing u” with u* we getM = 1.

Thus Eq. (24) becomes
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u(&) =s(Y) =a_,Y ! +a, + a,Y.(36)Substituting from Eq. (25) into Eq. (35) we get

cu(1 —ijg — 2vp?k2(1 - Y?) :—_f + k(1 — Yﬂjg — S(1— S)(a—S) = 0(37)Substituting

Eq. (36) into Eq. (37), then by using maple package yields a system of algebraic equations for a_,
o, 81, and p, ¢ in the form:

v~ 2p?k?a_, —ad, =0

Y™%: 3a,a®, +cpa_, —a?;, +aZ,a=0

¥ L 2aza_ja — Ep:kza_l + 2aga_; — 33%3_1 — 331331 —a_ga=4

Y% 2a_a_, +cpua_, +aj + 2a,a_ja+aja—aza+cpaf/— Gajaa, - a;=0
Y:3aja_, +3aja, — 2a,a,a — 2a,a, + 2p’k?a, L@ 2= 0

Y®: aj +aja —3aja] —cua, =0

Y 2u’k?a, —al =10

Using Maple gives nine sets of solutions:

1
1.3_1 - ':I, EIE, —_— E

INTERNATIONAL JOURNAL OF ADVANCES IN ENGINEERING RESEARCH




International Journal of Advances in Engineering Research http://www.ijaer.com
(JAER) 2015, Vol. No. 10, Issue No. I1l, September e-1SSN: 2231-5152/ p-1SSN: 2454-1796

+{a—1) =ﬂ =i[a—1:] _ c=¢(a+1:]k

9, d_4 — a » a I - — —
1 4 o 2 1 4 u 42k NG

Where c and k are arbitrary constants. This in turn gives kink solutions

(t]—1(1+tah ! ( o +(1_23j1¢u))
B T T vk \ T+ B) T VT + o)

[t]—3(1+tah 2 ( o +(E'_Ejktu))
B T T Va\ T+ B) T VI £ o)

+1 a—1 —1( P + 1)
ua(x,t]:a iaz 1:E|11h(EI ( -I-[:EI ) ))

2 2V2k\I'(1+B) ~ V2I'(1+ o)

-3 ()
B T T O v\ T+ ) T B (1 + )

o -2(oseon{ (2 )
S T T T T VR \T(1 +B) T VAT (1 P

a+1 a—1 a—1 5sgP a+ 1)kt
ug(x,t) = + coth | —= d (_ )
2 2 2y 2R\ (1 )T 520 (14 o)
— Ad
1 1 kB 1— 28)kt®
u.(x,t) =—|| 2 + tanh — +—
4 a2k \IT(1+ B~ /2I'(1 + o)

L a2 ( loxcP +[1—23jjkt“)
S\ B T VT + o)

+ tanh | — ( o? (E'_Ejktu)
= T W2R\TA+B) T V2r(1+ o)
(i)
+ coth — + —
4 2k\I(1 +P) ~ /2I'(1 4+ o)

+1 a-—-1 -1/ kxf + 1)kt®
u(xt) = o=+ 2 —tanh [ ( PG )
2 4 42k\I(1+B) ~ Var(1+ o)
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a—1 3—1( kxP [a—i—l]kt“)
+ coth — + —
4 432k \I'(1+B) ~V2I (1 + o)

3. The general nonlinear space-time fractional parabolic equation

. =
7n %+ au+ bu”, 0< a,f < 1.(38)Substituting froe Eq. (22) changes the FPDE (38) into

FI

the following nonlinear (ODE)
cu + k®u + au +bu® (39) Balancing u” with u» we get M = nz_l
According the Eq. (26), we take the transformation

u= vﬁ[i](40)8ubstituting Eqg. (40) into Eq. (39) yields the (ODE)

cn— Vv +k¥(n— v + k(2 —n)(v)? +d(n— 1)*v? + b(n=1)%v* = 0(41)With
respect to v with variable &.Balancingvv with4#® gives

M+M+2=3M

That gives M=2.Thus
v(&) =5(Y) =a_,Y* +a_, Y ! +a,%a, Y+ a,Y*(42) Substituting from Eq. (25) into Eq.
(41) we get

ﬂlﬂS

cu(n— 1)1 - YHE8— 262 v(1 ) Ts+ WL (1 - s+ K(2—  n)(w(1-

YD) + aln—1)°s? +bln— 1)°° 30
(43) Substituting Eq. (42) into'Eqy, (43), then by using maple package we get a system of algebraic
equations fora_zya_1, ao, a1, 8 and , ¢ in the form:

—2bna +2k u a +2k T na22

—2cuna +2cua +4kuna ,a. —|—3bn a22a1

—6bna ,a +3ba_2 4 =0,
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Y_4: 2
—8k2u a2_2+an2a22—6bnaoa +6k u na,a

+3ba0a2_2—2ana22—6bna a —|—3cua ,4a

-2

-1

+3bna a22—3cuna a. +3ba_2az_1
2

+3bna2a +aa +kuna —6kua0a_2
Y~
2 aa —2end, — 14 a a +2cund
waga_ cua_, wa,a cuna_,

2 2 3
—|—3ba_2a1 +6bn a_a,a_, -|—2aa_2a:_1 —I—ba_1

2 2 2 2
+3bn a_,a + 10k W na_ N —ZCunaoa_2

2
+2an2a L4, +bn a -I—c},ta —2k2u na_,a

—12bna 4,4, 4ana_2a_1 -I—6ba_2a0a_1

-1

2
—cluna_, — 6k ],L a_,a_ —|—2cua0a_2

Py —6bnd.a —2bnd =0
l.l naoa_l na_zal na_l— ,

—2ana +3ba_1a0+2aa a. —l—anzaz_l—Zkua_1

—cUnaya_ —clna_,a -|—3cuna_2a_1

2 2 2
+6bn a_a_a —12bna_2a_1a1 +4k na_ a

]

2 2 2 2 2
—8kuna0a_2—|—16kuna a, +3ba’ » 4,

2 2 22
+3ba_2a0+6k},ta —Zkuna +3bna2

2 2 2 2
a0+3bn a_2a2+8k u aoa_2—24k u a_,a,

2 2 2 2
—4ana.a  +2an a.a —6kua a—|-3bn

0 -2 0
2
a_1a0—6bna 5 O-I—cua a, tcuaja

2
—3cua a. —|—6ba_2a_lal —6bna_la0—6bn
2

a_,a, +aa —0
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Y i
ZaaOa_1 -|—3ba_1 i—cua +2aa ,4 +3ba @
+2cunaga_, +6bn a . a a +6bnia La a

2 -1°2 -2 01

— 12bna_2a_1a2 — 12bna_2a0a1

1

28 185 Ja
— Wna a  — Wna_a + Wna_ a,

2 2 2 2 2 2
—2k naoa_l+3bn a_1a1+3bn a_a,

2 2 2 2
+2an a a +2an a_,a, — 12k pn a_a

0 -2 2

—4anaa —I—6kua a —I—6ba_2a0al

2
—I—26ku a_,a, —4ana_ 4, —I—2k2u a,a_ , teun

a_l—Zc},LaOa +6ba 2a_1a2—6bna 9

2
—6bna_1a0—0,

2
3ba2 a, +an2a2+2k2u a2+2aa a1—|—2aa_2a2

—2ana -I-Zk u a , tewnaja | +cuna_ja,

—12bna L,y 4, +6bn a_,a,a, +6bn a_laoal

- l2bna_1a0a1 — 8K u na_ a, +2k u na,a_,

pYe VYT Y bhntd +3b

wnaa, Wna_,a, na, a,

2 3 2 2

a, —2bna0+3bn a_1a2—4ana_1a1

—4 +2an’ 2y
ana_,a, an a_,a, Waa

2 2
+6ba_aja +3bna_ja t+6ba_jaa,

-2

Ty o a a +2an
Wa a, Waya,+2an"a_a

120 —6b 2 _
Ha a na_ya —cla_,a

1 1

— _kz 2 2 —
chaga_ Wna_ —cua_a

—clua a

2 01

2 2 2 2 2
—ku na, —6bna_1a2 taa +cuna_ a,
3
—l—cunaoa1 —l—baO—O,
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bE

2 2 2
3ba0a1 -I—ZaaOa1 —cua —|—3ba_1a1 +2aa_1a2

2 2 2 2
+2cuna a, -2k na,a, —2k W na 14,

+6bn a_2a1a2+6bn a_1a0a2—12bna ,4,4,

—12bna_1a0a2+8k u na_,a, —18k u na_ a,

+3bn2a laf—Zcua a —6bna§a1

2 2
+6ba_1a0a2 —4anaoa1 +2k a,a,

2 2 2
+6k a1a2—|—2an a_1a2—4ana_1a2
+268 0 a a,— 1281 a a +2an’
Wa_a, Wa,a an a,a,
2 2 2 2
+6ba_2a1a2+3bn a,a, tcuna, —6bna_1a1

2 2 2 2 22 2
—2ana1 +an a +2aa0a2—2k noa —I—3baoa2

2 2
+3ba0a1 —|—3cuna1a2 +6bn a_ja,a,

2 2 2 2
—12bna_ja,a, +4k W na_a —8k W naja,
2 2 2 2 22
+ 16k na_2a2+3ba_2a2+6k woa,

2 2 2.2 2 2
+3bn a_,a, -2k na2—4ana0a2+2an a,a,

2 2 2
—24k u a +8k u a,a —6bna0a1

—3cua1 —6bna0a —6kua @

2 1

+6ba_1a1a2 +3bn aoa2 +3bn aoa1 —6bna_2

2 2
a, -I-c},ta_la2 + chaja, —|—aa1 —cUna_ a,

—cUnaga, =0,
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¥

2y 6K 10/ 6b
- Waa — u alaz-i- Wna  a —6bna

3 2 2 2
a —2bna1+3bn a_1a2+6bn a0a1a2+2cun

1

125 1420 2R
a. — na,a a,— Wa a,—2kWnaa

1 2

2 2 2
—4ana1a2+2aa1a2+2k Wwnaa +2an aa,
3

+3ba_ )

2 3 2 2
9 -I—ba1 +2c},ta0a2 +cua +bn a

2 2
+6ba0ala2 —cuna, —2cua2 —2cuna0a2—0,

Y-—l

6bndia — 6K W a a +610 —3
nd a, Woaya, W naja,—3cuna

1%
2 2 2 2 2 2 2 2
—6bna0a2+k Wna +an a2+3ba1a2+3bn
2 2 2 2 2 2 22
alaz-l—aaz—i-?abn a0a2+3ba0a2—8k woa,

2
—Zana2 +3cua1a2—0,

Y’E: 2 2 2 2 2 2_
4k na1a2+2cua2—|—3ba1a2+3bn aa, 2cun

2 2
a, —6bna1a2—0,

2 2
TIrE'=—2bna§ + ba; +2k2u nai +2k2u az + bnzagZO.
Maple gives three sets of solutions:

_n-1) | a
krl"l' - 2k N'Z':n+1}’n}1’

- - o, . =W = T |_=
l.a_, =0,as, =0, 39_4}:’31_:};’33_4b’c_+[n+3j..q|:{n+1}

(n—1) [ a

7k -.qlﬂl:n+1}

n=1, a=0

This in turn gives the solutions as follows:

If a=0 we obtain the kink solutions
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a
(n+3) | kt®
N

2(n+1)

2k le[n-I—l] 1"(1-|-|3r:]i 1+ o

(n+3) | kt™

| a
N 2(n+1)
T'(1+

[ +|:n+3}\!"::::+‘_\lkt“
w|2'1n+1} TR, — Tid=a)

coth T(14p) ~  Tl1+a)

. — (n+3 I.-—I.{t{"
(n—1] [ a ( I n }x!:i.n+£l

[ 2
4k 4 (n+1)

If a<<0, the first tow solutions give the periodie,solutions:

a
[n—l:]l =a kxP (n—i_E'jawllziml}kt[1
2k NlE(n-l—l] T(l-l-ﬁ]i I'(1+a)

o
=

a
(n+3) | kt®
N

2(n+1)

I'(1+a)

u, () =

And the thirdsolution gives a complex solution:

[ 2 o
- (n—1) | (n+ 3:']-."|2':n+1} Kt

a .
(2t =) 750 & [2(+1) Ti+p > Ta+a)
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e
(n—1) || —a locF (n+ 3)w||2':n+1} ke
4k NlE[:n—F 1) T[l—l—B:Ji I'1+a

3 + itanh

= a
(n+ E:J.J 2(n+1) ke

M1+ @

. [ = o
(n—1) i kxP (n+3j1‘|2':n+1} ke

3 + icoth +
+ 1o % [2+D|\Th), ~ Thé o

5. CONCLUSIONS

It is clear that if we set o=p=1 in the solutions that' weshave obtained by using Tanh-coth method,
and with the aid of the Maple, then we get solutions contained thefsolutions obtained by Wazwaz
[1]. (Comp. [24- 28]).
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