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ABSTRACT 

In this work, we have generalized the nonlinear parabolic equations: the Burger's equation, the Fitzhugh 

Nagaimo equation and the general nonlinear parabolic equation, which was solved by Wazwaz, i.e., we 

solved in a case space-time fractional derivative (1-3) by using the tanh-coth method. 

Keywords: Nonlinear space - time fractional (PDEs), tanh-coth method, exact solutions, Taylor series of first 

order approximation of non differentiable functions. 

1. INTRODUCTION 

Importance of fractional differential equations in studies some natural phenomena, has spurred 

many researchers for the study and discusses some of the well-knownclassicaldifferentialequations, 

(see e.g. [11-25]), by replacing some its derivatives or all by fractional derivatives. In this paper we 

have considered the equations: 

(I) The space time fractional Burger's equation 

(1) (II) The space time fractional Fitzhugh Nagumo equation 

(2)(III)The general nonlinear space time fractional 

parabolic equation 

(3) By using tanh-coth method. These equations discussed by 

wazwaz[1] when .This paper is arranged as follows: In Section 2, we present concepts 

that make the chain rule is valid for fractional derivatives. In Section 3, we give the description for 

main steps of the tanh-coth method. In Section 4, we apply this method to finding exact solutions 

for the space-time fractional equations which we have stated above. 

2. PRELIMINARIES 

In this section we used the definition of fractional derivative via difference derivative and the 

Generalized Handmaid'stheorem for finding the Taylor series of first order approximation of the 

non-differentiable functions and using the latter for concludepower rule and the chain rule of non- 
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differentiable functions, and we used these rules with Eq. (21)to get the Eq.(22) and using E.g. (22) 

to convert the FPDE (20)into the (ODE) (23). 

2.1 Fractional derivative via fractional difference 

Definition (2.1.1) , denote continuous (but not differentiable function) and let denote 

a constant discretization span. Define the forward operator [2]. 

(4)Then the fractional difference of order , of is 

defined by expression 

(5)And its fractional derivative of 

order  is 

(6)And from this definition we can derive the alternative 

(7)Forpositive , one will set 

(8)And 

(9) 

2.2. Generalized Hadamard's Theorem 

We denote by the space of functions which, are continuously times -

differentiable. Hadamard’s. Theorem Generalized. Any function in a neighborhood 

of a point can be decomposed in the form [3]. 

(10) 

Where  

If we use this theorem to in Eq. (10) again we get 

(11)2.3. Application to Fractional Taylor Series of 

First Order 

Corollary (2.3.2).As a result of the generalized Hadamard's theorem, one has as well Taylor series 

of first order approximation [3]. 

(12)Note that from proof of this Corollary 
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(13)Whereby we obtain 

(14)Or in a differential form 

(15)We note that from (13) 

(16)Corollary (2.3.2).The following equalities 

hold, which are [5] 

β>0(17) (18) 

(19)Where f in Eq. (18) is non-differentiable w.r.t u, while u is 

differentiable w.r.t x, f in Eq. (19) is differentiable w.r.t u, while u is non-differentiablew.r.t x. 

Proof: Proof (17): From Eq. (12) let x-x₀=h, we have 

 

 

 

And by making h tend to zero we obtain 

 

Proof (19): we have from Eq. (13) 

 

This provides, for small h, 

 

And by making h tend to zero we obtain 

. 
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3. OUTLINE OF THE TANH--COTH METHOD 

In this section we gave a brief description for the main steps of the tanh-coth method. For that, 

consider a space-time fractional nonlinear parabolic equation in two independent variables x, t and a 

dependent variable u 

(20) Step1.We use the transformation: 

(21) Where c andk are arbitrary constants different from zero. 

Based on this and using Eq. (17) and Eq. (19) we can easily drive: 

 

(22)And so on. Eq. (22) changes the Eq. (20) to an (ODE) as: 

(23) Where Q is a polynomial of u and its derivatives and the superscripts 

indicate the ordinary derivatives with respect to ξ. If possible, we should integrate Eq. (23) term by 

term one or more times. 

Step2. Suppose the solutions of Eq. (23) can be expressed as a polynomial of Y in the form 

(24) Where (i = 0, 1... M) (M is positive number, called the balance 

number) are constants to be determined later, while the function Y= tanh (μξ), Y satisfies the 

differential equation 

 

So by using chain rule we can write: 
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(25)And so on, where μ is a constant. 

The positive integer M in Eq.(24)can be determined by considering the homogeneous balance 

between the highest-order derivatives and nonlinear terms appearing in Eq.(23) If M is equal to a 

fractional or negative number, we can take the following transformations [4]. 

1- When M (where M= ) is a fraction in lowest terms), we let 

(26) Substituting Eq.(26) into Eq.(23) and then determine the value of M in new 

Eq.(23) 

2- When M is a negative integer, we let 

(27) Substituting Eq.(27) into Eq.(23) and return to determine the value of M 

once again. 

Step3. Substituting from Eq. (25) into the Eq. (23) we get 

(28) 

Step4. Substituting Eq. (24) into the Eq. (28) yields an equation in powers of Y. We then collect all 

coefficients of powers of Y in the resulting equation where these coefficients have to vanish. This 

will give a system of algebraic involving the parameters (k= 0, 1, 2…M), μ, c and having 

determined these parameters we obtain an analytic solution u(x, t) in a closed form. 

4. APPLICATIONS 

1. The space-time fractional Burger's equation 

(29)Substituting from Eq. (22) changes the FPDE (29) into the 

following nonlinear (ODE) 

(30)Integrating Eq. (30) with respect to ξ and setting the integration 

constant to zero, we get 

(31)Balancing u′ with u² we obtain M=1.Thus Eq. (24) becomes 

(32)Substituting from Eq. (25) into Eq. (31) we get 

(33) 

Substituting Eq. (32) into Eq. (33) then by using maple package we get a system of algebraic 

equations for a₋₁, a, a₁ and μ, c in the form: 
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Solving these resulting equations using Maple, we obtain the following three sets of solutions: 

1.   

2.   

3.   

Where c and k are arbitrary constants. This in turn gives kink solutions: 

 

 

 

2. The space-time fractional Fitzhugh Nagumo equation 

(34)Substituting from Eq. (22) changes the FPDE (34) 

into the following nonlinear (ODE) 

(35)Balancing u′′ with u³ we get  

Thus Eq. (24) becomes 
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(36)Substituting from Eq. (25) into Eq. (35) we get 

(37)Substituting 

Eq. (36) into Eq. (37), then by using maple package yields a system of algebraic equations for a₋₁, 

a₀, a₁, and μ, c in the form: 

 

 

 

 

 

 

 

Using Maple gives nine sets of solutions: 

1.  
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Where c and k are arbitrary constants. This in turn gives kink solutions 
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3. The general nonlinear space-time fractional parabolic equation 

(38)Substituting froe Eq. (22) changes the FPDE (38) into 

the following nonlinear (ODE) 

  (39) Balancing u′′ with uⁿ we get  

 According the Eq. (26), we take the transformation 

(40)Substituting Eq. (40) into Eq. (39) yields the (ODE) 

(41)With 

respect to v with variable ξ.Balancing with  gives 

 

That gives M=2.Thus  

(42) Substituting from Eq. (25) into Eq. 

(41) we get 

(43) Substituting Eq. (42) into Eq. (43), then by using maple package we get a system of algebraic 

equations for a₋₂, a₋₁, a₀, a₁, a₂ and μ, c in the form:  
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Maple gives three sets of solutions: 

n 1, 

a 0 

 , 

n 1, a 0 

, 

n 1, a 0 

This in turn gives the solutions as follows: 

If a 0 we obtain the kink solutions 
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. 

If a 0, the first tow solutions give the periodic solutions: 

 

 

And the thirdsolution gives a complex solution: 
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5. CONCLUSIONS 

 It is clear that if we set α=β=1 in the solutions that we have obtained by using Tanh-coth method, 

and with the aid of the Maple, then we get solutions contained the solutions obtained by Wazwaz 

[1]. (Comp. [24- 28]). 

6. ACKNOWLEDGEMENT 

The authors should like to thank the anonymous referees for their careful reading of the manuscript 

and their valuable comments. 

REFERENCES 

[1] M. Wazwaz, The tanh--coth method for solitons and kink solutions for nonlinear parabolic 

equations, Appl. Math. Compute, 188 (2007) 1467-1475. 

[2] G. Jamari, Modified Riemann-Liouvile derivative and fractional Taylor series of non-

differentiable functions.Further results.Math. Compute. Appl. (2006), pp1367-1376. 

[3] B. Li, Y. Chen, and H.Zhang, Explicit exact solutions for new general two-dimensional KdV-

type and two-dimensional KdV-Burgers-type equations with nonlinear terms of any order, J. Phys. 

A: Math. Gen. 35 (2002) 8253-8265. 

[4] G. Jamari, Stock exchange fractional dynamics defined as fractional exponential growth driven 

by (usual) Gaussian white noise. Applications to fractional Black-Scholes equations, Mathematics 

and Economics 42 (2008) 271-287 



International Journal of Advances in Engineering Research                        http://www.ijaer.com  

 

(IJAER) 2015, Vol. No. 10, Issue No. III, September         e-ISSN: 2231-5152/ p-ISSN: 2454-1796 

 

121 

 

INTERNATIONAL JOURNAL OF ADVANCES IN ENGINEERING RESEARCH 

 

[5] X. Wang, On the Leibniz Rule and Fractional Derivative for Differentiable and Non-

Differentiable Functions, March 31, 2014 

[6] E. J. Parkes, Comments on the use of the tanh-cot expansion method for finding solutions to 

nonlinear evolution equations, December 2, 2009. 

[7] A. M. Wazwaz, Thetanh method for a reliable treatment of the K(n,n)and the KP(n,n) equations 

and its variants, Appl. Math. Comput, 170 (2005) 361-379. 

[8] A.M. Wazwaz, The tanh method for travelling wave solutions to the Zhiber--Shabat equation 

and other related equations, Appl. Math. Comput, 13 (2008) 584-592. 

[9] Mahmoud M. El-Borai, Some probability densities and fundamental solution of fractional 

evolution equations,Chaos, Soliton and Fractals 14 (2002), 433-440 

[10] Mahmoud M. El-Borai, The fundamental solutions for fractional evolution equations of 

parabolic type, J. of Appl. Math. Stochastic Analysis (JAMSA) 2004, 199-211. 

[11] Mahmoud M. El-Borai, K. El-Said El-Nadi, O. Labib, M.Hamdy, Volterra equations with 

fractional stochastic integrals, Mathematical problems in Engineering, 5, (2004), 453-468. 

[12] Mahmoud M. El-Borai, K. El-Said, O. Labib, and M.Hamdy, Numerical methods for some 

nonlinear stochastic differential equations ,Applied math, and comp, 168, 2005, 65-75 

[13] Mahmoud M. El-Borai, On some fractional evolution equations with non-local conditions, 

International J. of Pure and Applied Mathematics, vol. 24, No. 3, 2005, 405-413. 

[14] Mahmoud M. El-Borai, on some fractional differential equations in the Hilbert space, Journal 

of Discrete and Continuous Dynamical Systems, Series A, 2005, 233-241. 

[15] Mahmoud M. El-Borai, K. El-Said El-Nadi and I. G.El-Akabawi, On some integro- differential 

equations of fractional orders, The International J. of Contemporary Mathematics ,Vol. 1,2006, No. 

15, 719-726. 

[16] Mahmoud M. El-Borai, M. I. Abbas, On some integro-differential equations of fractional 

orders involving Caratheodory nonlinearities, International J. of Modern Mathematics, 2(1) (2007), 

41-52. 

[17] Mahmoud M.El-Borai, M. Abdallah and M. Kojok, Toepletz matrix method and nonlinear 

integral equations of Hammerstein type, Journal of Computational and Applied Mathematics, 223 

(2009) 765-776. 

[18] Mahmoud M. El-Borai, On the solvability of an inverse fractional abstract Cauchy problem, 

International Journal of Research and Reviews in Applied Sciences, Vol.4, No.4, September(2010) 

411-416. 



International Journal of Advances in Engineering Research                        http://www.ijaer.com  

 

(IJAER) 2015, Vol. No. 10, Issue No. III, September         e-ISSN: 2231-5152/ p-ISSN: 2454-1796 

 

122 

 

INTERNATIONAL JOURNAL OF ADVANCES IN ENGINEERING RESEARCH 

 

[19] K. Oldham, J. Spinier, The fractional calculus, theory and applications of differentiation and 

integration of arbitrary order. Academic Press, U.S.A. 1974. 

[20] K.S. Miller. Ross, An Introduction to the Fractional Calculus and Fractional Differential 

Equations, A Wiley-Interscience Publication, 1993 

[21] I. Podlubny, Fractional differential equations. Academic Press, U.S.A.1999 

[22] R. Hilfer, Applications of Fractional Calculus in Physics, World Scientific, Singapore, 2000. 

[23] A.A. Kilbas, H.M. Srivastava, and J.J. Trujillo, Theory and Applications of Fractional 

Differential Equations, Elsevier, Amsterdam, 2006. 

[24] Wagdy G.El-Sayed and J. Banach, Measures of non compactness and solvability of an integral 

equation in the class of  functions of locally bounded variation, J.Math. Anal.Appl.167(1992),133-

151. 

[25] WagdyG. El-Sayed, A note on a fixed point property for metric projections, Tamk. J. Math., 

Tamk. Univ., China, Vol. 27, No. 1, Spring (1996). 

[26] WagdyG. El-Sayed and E.M.El-Abd, Monotonic solutions for nonlinear functional integral 

equations of convolution type, Journal of Fixed Point Theory and Applications (JP)  Vol.7, No.2, 

2012, (101-111).                               

[27] WagdyG.El-Sayed, Mahmoud M. El-Borai, EmanHamdAllah, and AlaaA.El- Shorbagy, On 

some partial differential equations with operator coefficients and non-local conditions, life Science 

J. 2013;10 (4), (3333-3336). 

[28]WagdyG.El-Sayed, Mahmoud M. El-Borai and AmanyM.Moter, Continuous Solutions of a 

Quadratic Integral Equation, Inter.J.Life Science and Math.(IJLSM),Vol.2(5)-4,(2015), 21-30. 

 

 

 

 

 

 

  


