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ABSTRACT

The aim of this paper is to present the reliability analysis of a two Unit ‘eomplex system with the
assumption that unit A is a combination of hardWare and software components and.-ether unit B (which
has two sub-unit) stops working due to external cause. The unitA'is, replaced by new one if the repair is
not completed within maximum repair time. Unit B'is notreparable and is,to be replaced by a new one
upon its failure. The failure time distributions of the unitsare taken as exponential whereas the repair
and replacement time distributions are general. Using regenerative point technique, important
measures of the system effectivenessware obtained. The graphieal behaviours of MTSF and Profit
function have also been studied.

Keywords: Reliability; Availability; Busy geriod; Expected number of Repairs; Profit Analysis;
Graphical study ofdViodel.

1. INTRODUCTION

Reliability isyvital for proper-utilization/and maintenance of any system. It involves techniques
for increasing system effectiveness through reducing failure frequency and maintenance cost
minimization. In recent yearsy.complex redundant systems have widely been studied in
literature of reliability, theory as a large number of researchers are making a tremendous
contribution in the field by incorporating some new ideas/ concepts. Two / Three-unit standby
systems with working and failed stages have been discussed under various assumptions/
situations by numerous researchers including [1-3]. In spite of these efforts, there are many
complex systems in which hardware and software components work together to improve the
reliability of the system which are often encountered in industrial applications. Electronics
industry, telecommunication network systems and transmission systems are the common
examples of complex system. Further, the reliability of a system can be increased by making
replacement of the components by new one in case repair time is too long. Malik and Ashish,
Malik and Anand[ 5-6 ] studied the stochastic model of a computer system with priority to
software replacement over hardware repair. Most of the authors including [4] have also
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assumed that the system/ unit stops working due to some reasons even when system has not
failed.

In the present paper, we perform the reliability and availability evaluation of a complex system
in which two non—identical units A and B are connected in series. Initially, both the units work
and are in good condition. The unit A is a combination of hardware and software components
and unit B has two identical sub-unit connected in parallel but one of the sub-units of B is in
standby mode. When unit A fails, server attends the system promptly and first inspects the
failed unit to check whether it is hardware failure or software failure and then starts its repair. If
the repair of the unit A is not completed within a maximum repairitime which is considered to
be a random variable, then it is replaced by new one so as toanake the system readily available.
Unit B is not reparable and is to be replaced by a new ongfupen its failure. Unit A gets priority
for repair and replacement over the replacement of unit B. The\system fails_if one of its units
fails. The system is analysed using regenerative pointitechnique. Graphs are plotted to highlight
important results.

By using regenerative point technique, the fellowing measures of systems effectiveness are
obtained:

Transition and steady state probability
Reliability of the system and,Mean time to system failure

. Availability analysis
Expected busy period of the preventive maintenance and repair
Expected number’of preventive maintenance and repair by repairman
Net expectedprofit earned by the system in (0, t] and in steady state

2. SYSTEM DESCRIPTION AND ASSUMPTIONS

The assumptions about the madel under/study are given as:

1) A complex system consists of two non- identical units A and B which are connected in
series.

2) The main unit of the,system is unit A which is a combination of hardware and software
components and unit B has two identical sub-unit connected in parallel and one of them is
in standby mode.

Both the unit A and B are initially operative but only one sub-unit of B is sufficient for
proper operation the system.

When the unit A fails, then it goes for inspection to check whether it is software failure or
hardware failure.

After the inspection main unit A under goes for repair and is replaced by new one if it is not
repaired within maximum repair time.

An external cause may hamper the functioning of unit B for some time and it starts
functioning automatically as soon as the external cause is over.
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7) When the unit B fails, it is replaced by a new one.

8) A single repairman is always available with the system to repair and replace the failed unit
and priority is given to main unit A over unit B of the system.

9) Each unit of the system has exponential distribution of time to failure whereas repair and

replacement time distribution are taken as arbitrary.
10) The distributions of occurrence time and removal time of external cause for unit B are taken

as exponential.

3. NOTATION AND STATES OF THE SYSTEM

. Failure rate of unit A

: Rate of occurrence of external cause in unit B

: Rate of disappearance of external causgdin unit B
. Failure rate of unit B

: C.d.f. of replacement time of unit B

: Hardware / software failure rates of unit A respectively:.

pB,/B, :Maximum constant rates ofrepairtime of hardware / software failure respectively of

unit A

G, (t)/G,(t) : C.d.f. of repair time of hardware / software failure respectively of unit A
H, (t)/Hs(t) : C.d.f. of replacement time of hardware / software failure respectively of unit A
m, /m, : Mean replacement time of hardware / software of unit A

: Mean replacement time of unit B
: Symbol for Laplace Transform of the function
: Symbol for Laplace-Stieltjes transform of the function
Symbols of the states of the system
: Unit A operative and in normal mode

- Unit B in operative/cold standby mode

- Unit B stops due to external cause
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1

- Unit A failed and under inspection
A, /B, : Unit A/B is idle

B,./B : Unit B failed and under replacement / waiting for replacement

wre

Ay /Ay Unit A failed due to hardware is under repair / replacement

A fA - Unit A failed due to software is under repair / replacement

Sre

Considering these symbols in view of assumptions stated earlier, we have the following states
of the system:

Sp = [ﬁcrﬂarﬂs]r 5, = [AurBEvao]r 2= [ED’EL"E’BD]

= [A, BBy, Ss= [Agi Byye, Bl = [Ap; BrchBi]

= [Asre. Byyrer Byl S; = [ALBroBeal, Sg/=n[Ar Beyr B
[Asre; Beer, Byl Si0 = [As. By By S11 = [Any,Bru By

= [Apre,Beww Bil,  S13'%5, [Ay,.. Bu Bl = [A%.. BB

= [Asy, Byyres Bil Sie =\ [As By Byl = [Anre. Biyre: Bi

= [AHN Byt Bl]r S5 = [A]!Bre’ EWre]r 0 [AEE'E’ By B]]
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Transition Diagram

n

AHre BExt AHr BExt
BI BI

Si2 Si1

ASre BExt ASr BExt
B, B

O: Up State X : Noh-Regenerative Point

D: Down'State

Fig. 1
4. TRANSITION PROBABILITIES AND SOJOURN TIMES

4.1. STEADY STATE PROBABILITIES:

First we find the following steady-state probabilities of transition:

m 8

Po1 = {ve+a) Poz = {eva)
__u M
Pos [u+8+a) P10 [n+pt+osnl

__ & __ &

Pig [nepsbenl [ntu+i+oal}

w

plszm K(H+B+ﬂj

D _ b ey w () m [1-Ren)  1-R(u+b+a)
Pai = Grpray KD ~K(n 40+ 0] by Eu+9+u—n}[ . (wtora) ]
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(13) _

el

1—R(p+6+a)] Pos = - [1-K(p+6+a)]

== 1u+B+u} [ fut B+u}

T,

Pz1s = Paas R

,

Ps10 = ntry+rgd
P51 = En+‘r.__+'r:} Py = K(n) =1-p,
aizﬁztﬂjz 1 —psa0 Pig1 = E:ETH‘E']

By ~
Pigs = 11+I3} 1_G~[T1+E' )] Pin,ie.:;r]:m[l_ﬁz[ﬂ*‘ﬁg)]

_ = B
P11 = P12 = o } [1-G,(n38,)]

" -
Pi1114 = Ty Bioa = H1("1] =1 — P23

Piso = P1gz = '3'1['3 ) Pis13 = Big1r = 1 — ai(Bj_:]
Pis2 = Piso = az(ng Pise = Piez0¢ 0L — ﬁ: [Bz)

Pez = Pa1 = Pizo Z/Pir2
4.31)
It can be easily verified that E}-p;‘jk} =\1,for all values of i,k

4.2. 4Mean sojourn times:

The mean sojoutn time in state S; denoted by '¥; is defined as the expected time taken by the
system in state S; before transiting to any other state. To obtain mean sojourn time ‘¥, in
state 5;, we observe that'aslong as the system is in state S;, there is no transition from S; to any
other state. If T; denotes the sojourn time in state S; then mean sojourn time '¥; in state S, is:

Y. =E[T,] = [ P(T, = t)dt

—fp+b+alt — 1 — —m+p+b+alt — 1
= [ int dt = Y, = | ™17 dt =
f fu+f+al ’ = {n+p+f+al

= [ Bt Rrr) dt = [1—R(p+6+a)]

u+B+u}

Similarly,
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Y=Y, = — P AE—

frytrgl’ mtr, 41,1
20 = J Hy (1) dt=m, T?——[l—ﬁ(ﬂ]],
‘-IJE‘ [1 - ﬁ: ( TD]

T _erB}[l—G«(TI-FB ), ¥, = m+1|a._}[1_ﬁ1[n+ﬁlj]

b2 :;[1_ H ' Y=%,= .rﬁl[t:] dt=m,
Gi( E'l:]] Vi =%:= BL [L— az( E’:j]

Vg =

5. ANALYSIS OF RELIABILITY AND MTSF
Let the random variable T; be the time to system failure when system starts up from state

S;€ E; , then the reliability of the system is given by
R;(t) = P[T5 ¢]

Using the technique of regenerative point, the expression of reliability in terms of its Laplace
transform is given by

R* ( j — N, (=) — Zp+ag Zi+agg 23
o D, (&) 1-aqg,; Q10— pz920

where Z;, Z; and Z3are the L.T. of
Zc,[:‘t:] — E—{p+B+u}t 21(1::] — E—;n+u+B+u}t Z: (t:] — E—;u+B+u}t K[t]
Taking inverse Laplace Transform of Rj(s), we get reliability of the system.

To get MTSF, we use the well=known formula

-u} Yo tpp: ¥ topr Yo
_'E':' 1-Pps Pap ~PozPzo

E(T,) = [ Ry(t)dt =limpef R5(s) =
Here we have used the relations qj;(0) = p; & lim,_, Z7(s) = [ Z;(t)dt =¥,

6. AVAILABILITY ANALYSIS

Define A, (t) as the probability that the system is up at epoch‘t’ when it initially started from
regenerative state S; .To obtain recurrence relations among different point-wise availabilities

we use the simple probabilistic arguments and solving them by taking Laplace Transform, the
L.T. of point-wise availabilities is given by
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Ay (s) = Ny(s)/Dy(s) (6.1)

where,

(7 (7
N,(s) = 25{CD — a3, 05,05} + 2; {Cay + agoall ) + 25 (Daj; + aga3,0% 3 (6.2)

and

(7
D, (s)=(1— an]{CD — Q37972 Q34 3}{':1;,16 qis,u + qg,mq;s,:quu,u + q§,14q$1:4,c- +
(7
43,14914,13913,0) — 0p1 {CE + 937072950} — ap2 {Dqgn + Eq_,, Ec}
(6.3)
where

S o e T
C_(l Q2494159152 — 9249415 9156982 —H24 94189 8,2 — Y24 Q2692179172 — Y22

19}3)

p
— o aE & ® o aE & ® ERR ® o E ® & _aE &
D= (1 q1595,10910.1 — 91595,10910.5951 — 9159509111 — 9159501 911129121 — Q17971

e
q1z9z1)
E=
® ® ® = ® ® = ® = = Ed = = =
[‘ha + 91595393,16 9160 T Q15988 93,16 Das009mo, T 15953 93,14 9140 T
*® ® ® ® " ® = = = ® ® ® ® ®
Q15953 93,14 914,18813,0 T 91595108104 520920,0 7 d1595,10910,16 9160 T

& = = L = = & 3 & = & & & =
q1595,10910.16916,20950.0 T 91595,11811.12912,13913,0 T 91595.11911,14 9120 T

® ® ® ® =
Q1595 109 11,14 914,13 ‘113,9:]

The steady state up time of the system is'given by

A, =lim, __ Ay(th= lim,_ gsAs(s) =222 = N2
D, (0} D,

Where

— (7)
N, =%, {(F‘zu + P2y )[1 ~ P15Ps10P10.1 7 P1sPs10P105Ps1 — P1sP511 P11 —

(7
P1sPs11P11,12P12,1 — P17Pr1 — P13] — P17P72Pyy }"’ ‘{"1M + ‘I-‘:N
(6.5)

and
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D, =%5+ [T, + P15{"P5 + Ps 10 [Pm,a‘{‘e +T1n) + Pzt [‘{‘11 + 1311,121{"12 )} +py, Y +

Pyt ]M + ["Pz + p24{‘f'4 + P4,15[T15 + P15,5m2) + p4,1s["}r13 + plB,l'.‘-’ml)}] + N+ %R+
m, T + ¥y, X + ¥,V + m,W

(6.6)

where

_ (7}
5= (P:u + Py )(Piu T P1sPs3 T P1sPs10P105Ps,20 T P1sPs10P10,16 T P1sPs11P11,12P12,13
+ P1sPs11P1114) T P17P72P2o

(7) (7)
M= PDl(P:u + Py J T PozP2y

N = pg, [:1 — P15Ps10P10,1 7 P1sPs10P10sPs1 — P4ePs11P11.1 T PagPs 11 Prvaa Bion =
P17P71 — P1g) T Po1P17D72

_ (7 (7 (2]
R= [pul(pzu + Pay ) T Poz P2y ] P1sPsa/T Baa [(pzu + 357 )[1 —Pi1sPs1gP1o1 —

(7]
P1sPs,10P10,5Ps1 — P1sPs11P11.1 — P1sPs11P11,128434 — P17P71 — Pig) — P17P72Pay ]

(7) (7
[PM(PQD a2 ) T Po2Pay ] [P15P53P3,14P14,13 T P1sPs 44 P11,12P12as T
(7
P15Ps,11P11,14P14,13) T Poz P3,14P14u3 [{P:u T Pay }[1 — P1sPs10P101 7 P1sPs10P1osPs1 —
(7)

P15Ps,11P111 #P15Ba4sP11.12P12.1 < P17P71 — P18) — P17PraPay ]

_ (7 (7)
X= [PDl(P:D + Py ) + Pungl] (P15F‘53F‘3,14 + 13'15135,111311,14) + PoaPais [(F‘:u +

(7
Paq )[1 — P1ePsi1oPio1 — P1sPsaaP1osPos1 — P1sPs11Pi111 — PisPsi11P11,12P121 — PP —

e
P1B] — P17P72P5y ]

_ (7 (7
V= [Pul[P:u + Py ) T PozPay ] (Plspsa P31s T P15P5,1DP1D,16) + PoaP3ae [(Pm +
(7
Paq )(1 — P1sPs10P101 — P1sPsa0P05P51 — PisPsa1P11,1 — P1sPsi1P11,42P124 — P17Pry —

(7l
Pig) — P17D72 Pz ]

W=
(7 (7)
[Pul(Pm + Py )‘|‘ Pungl] [P15P53 P316P16,20 T P1sPs.10P10.9Ps20 T
(7
P1sPs10P10,16P16,20) T PoaP3,16P16.20 [{P:D TPy }[1 ~ P1sPs10P101 7 P1sPs10P1osPs1 —

(7
P1sPs11P111 — Pi1sPsi11P11.12P12.1 — P17Pr1 — P13] —P17P72P1y ]
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The expected up time of the system during (0, t] is given by
Myp (t) = _I': Ay(u)du so that, “Ep (s) = Aj(s)/=

7. BUSY PERIOD ANALYSIS

Let B{(t) and B (t) as the probability that the repairman is busy in repairing and replacing of a

failed unit respectively at epoch t, when the system initially starts from regenerative state
S;.Using probabilistic arguments, the value of B3(t) and B;*(t) can be obtained in its L.T. as

By'(s) = N3(s)/D;(s) and  Bg*(s) = N,(s)/D (5] (7.1)

where

N; (s) = Qo1 [qus.{[qga Cl;,m + q§,11q§1,14) Zi. # [qga qg,lé + q;m qiu,m)zis T qg,mziu +
(73

Cl;,nzil} + 9317972924 [qz,lszis + qz,mzis)] T Aoz [‘121 $q§5{[q§3 Q312 qg,nq;l,m) Zis t

[qga qg,is + qg,m Cliu,ls)zis + qg,mziu ¥ qg,nzﬁ} + D45, (QE,EZL + '513,132;3}] +

(7
Qo3 [qg,mziz, + qulE.Z;E)[CD — Q1797293 8]

and

(7
N.(s) = qg [C + 95293, 3]{‘135 [qga q3.1: 9924380213 + 95 16910525 + 451091059520 Z3p T

qg,n ‘ﬂi,i: 2;2 + qg,n‘ﬁm: Q;E,lﬂ Z;E + qz,nﬂi,n‘ﬂ:;,u 2;3] + ‘ﬂ?Z;}"' [‘ﬁi‘ﬁ? q;; +
qp2 D] {Z; + a3 [qfi,is. 'q;s,s Zg + qi‘;,is q;s,i? E;?)} +
(7
qo3 [qg,m Qia13Z13 T qg,mq;a,ngu) [CD_ 41797202, 8]

In thée steady state, the probability that the repairman will be busy in repairing and replacing a
failed unit respectively are given by

B} = lim,_. B(t) < lim, o5 BY'(s) = 2= (7.2)

Similarly,

B3® = lim,_ BI*(t) = lim,_o s BY¥(s) = = (7.3)

Z

where,
Ny = MF‘15{(F53P3,14 + P51 p1L14)"}r14 + (Psa P31 + Ps.10 plD,lEu)lelEu +Ps10Fipt

ps,nq"ll} + P2q [p4,15'}'15 + p4,13T18)N + Poa(P3,16 T'is T P316T16) [(pzu + pé?)[l -
P1sPs,10P1014 — P1sPs10P10.5Ps1 — P1sPs11P111 — P1sPs11P11.12 P12 — PPy — Pig) —
P17P72 PE_}]

and
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N, = M{Pls [P53P3,14P14,13 My + Ps11P11,14P1a13My T Ps,mpm,e‘{'e + Ps.10P105Ps,20M; T
Ps.11 P1L1:"P12 + Ps11P11,12P12.13 m, ) + py, V) +

{‘P: + Pas [ Psis P1sgMy T Paas plB,l?ml)}N T Po3 (P314P1s13 My T D3 1eP1g20M7) [(Pm +

(7
Py )[1 — PisPsi10P101 — PisPs10Pi0sPs1 — P1sPsa1P111 — P1sPsi11P11,12Piza — PivPr —
(7l
Pig) — P17P72P2y ]

The expected busy period of the repairman for repairing and replacing the failed unit
respectively during (0, t] are given by

up (9 = J; B5(w) du and  u(9) = [7 B (w)du
Sothat, ui*(s) = By*(s)/s and  p**(s) = B3**(s) /% (7.4)

8. EXPECTED NUMBER OF REPAIRS®AND REPLACEMENTS BY
REPAIRMAN

Let us define Ny (t) and N{®(t) as the expected number©f repairs and replacements of the units
by the repairman respectively during the time interval (0,t] when the system initially starts
from regenerative state S;.Using probabilistic arguments,ithe valde of Ng(t) and N;*(t) can be

obtained inits L.T. as
Ng*(s) = N;(s)/D,(s) ‘and NE=:(s) = Ng(s)/D,(s) (8.1)

where

Ni(s) =

[ ap; a34a7; + a3 D] [‘134‘13,15 Q152 H85s Q3as qis,:) +
[QE1C + g qg?c] [qgsqg,mﬂm 141585 10910,16 9160 T 91595119111 T
Q1595,11911,1491 4 T 91595,393,12914.0 T 91595,3935,16916,0) T

(7
Qo3 [qg,mng,u + Qa1 q;s,u)[cn — Q37972939 8]
and

Ne(sj =
(7hs (15)=

= = = &= £
[ 951 17 972 + qpz DI (‘1:@ ta; tax
&= = I:?:I’:" = = = = = = = = = = = = &=
[%1': T+ Qo2 daq ][‘115‘15,1&‘11&,9‘191 +d3505,10910,595,20920,0 T 91595,11911,12912,1 T
& & & = & = #* #* & & & & & & &
91595,11911,12912.13913.0 T 9159511 911,14 914,139 13,0 T 91595,393,14914,13913,0 T

(7
'51;5':1;,3 q;_.le qis,zquu,uj + Qg3 [QE,14QE4,13 Q;a,u)[cn — Q3797 Qa4 8]

& = & & = & & &
+ Q2¢ Q415 Q156 ez T %4‘14,13‘7113,1?‘11?,:) +
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In the steady state, the probability that the expected number of visits by a repairman for

repairing and replacing of a failed unit respectively are given by

Ng = lim, . N3 (£) = lim,_o s N§*(s) = = (8.2)

Similarly,

Ng® = lim,_,, Ng®(t) = lim__, s Ng*(s) = % 9
where,

N; =

P2s(Pe1sPisz2 + PatePia2)N + M{P1sPs1oP101 + PisPs 10P 1048880 + P1sPs1iPiis +
P1sPs11P11.14P140 T P1sPs3Pa14P1s0 T P1sPs3Pa1e P o) A0 D0a (P3iaBhsp T

Pa,lsple,ﬂj [(pm + pgi})tl — PisPs10Pi01 — PisPsioPiosBsd — PisPia1Pi1a —

(7
Pi1sPs11P11,12P12,1 — P17P71 — P18] — P17P72Pay ]

NS =
(] (15}
N ( P20+ P2y T P2z + Pzs Pyi1sPise Pez = PhaPsisP1sa7 Pl?,:) +
M{P’ls Ps.10 P10,5Ps1 T P1sPs10P10,9Ps,20P20,0 T P1sBetaP11,12P1afd T
P1sPs11P11,12P12,13P13,0 T P1sPBinP11,14P1s.13P13.0 T P1gReald3 14 P1s13P1go T

i
P1sPs3P3,16 P16,20P20,0} T Pos (P3,14P14,13 P13,D:] [(P:D + pjP )[1 ~ P1sPsi1o0P1o1 —

(7]
P1sPs,10P10,5Ps1 — PisPs11P11.1 —P1sPedi P11,1284:0 — P17P71 — Pig) — P17P72P2y ]

9. PROFIT FUNCTION ANALYSIS

Two prefit.functions P, (t)'and, P, (t) can €asily be obtained for the system model under study

with the help of characteristics‘obtained earlier. The expected total profits incurred during
(0,t) are:

P,(t) = Expected totalrevenue in (0,t]— Expected total expenditure in (0,t]
= Con,, (00 —Cyup (D) — CNg(1)
Similarly,
P,(t) = Cou,, (1) — Caup*(t) — CoNg* (1)
Where,
C, Is revenue per unit up time of the system.
C, is cost per unit time for which repairman is busy in repair of the failed unit.
C, is cost per repair.
C; is cost per unit time for which repairman is busy in the replacement of the failed unit..
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C, is cost per replacement by repairman.

The expected total profits per unit time, in steady state, is
P, = lim,_ [P, ()/]

So that,

P, = C,A, —C,B} —C,N}

and

P, = CyA, — C3B;® — C,N;®

10. GRAPHICAL STUDY OF THE SYSTEM MODEL

For a graphical representation, the following particular cases are considered

hy (t) = ¢, 7% hy(t) = ¢,e7%" g, (t) = 075, gy (t) = A a7t and k(t) =de™
where ¢, , ¢,, 4, , 4, are the repair and replacement rates respectively of the unit A and é is

the replacement rate of unit B of the system. The behaviour of the MTSE and the Profit with
respect to failure rate for different values of replacement rate and for| fixed value of other
parameters

a=0.08,8 = 0.75 ,u = 1.06,n = 1.001,B, = 0.50, @, = 0.75,y4 = 0.80, b, = 0.06,8 =
1.8, ¢, = 1.2,A, = 0.75,4, =\@:50 C, = 1000,C, = 508,C, &300,C, = 350,C, = 200
have been plotted graphically.

Fig.2 shows variation in MTSF with respect toyfailure rate a of unit A for different values of
replacement rate (&= 0.20, 0.40, 0.60) .of unit*B. From the Fig. it is observed that MTSF
decreases as failure rate o increases ifrespective of other parameters. The curve also indicates
that for the fixed value of failure rate, MTSF is higher for higher values of replacement rate &
Fig.3, reveals the trends for profit functions. Both the profit functions decrease uniformly with
the increase in failure rate (33) of software component of unit A. It is also observed that profit

function P, Is always higher as compared to profit function P, for fixed values of failure rate.
Also for the fixed value of failure rate (y,), the profit is higher for higher values of replacement

rate ( ¢,=0.02, 0.04,:0.06) of software component of unit A.

11 CONCLUSIONS

In this paper, a mathematical model of a complex redundant system has been constructed
subject to replacement and occurrence of external cause which can hamper the working of the
system. Reliability characteristics like mean time to system failure and profit functions have
been studied graphically by the aid of C++ and STATISTICA program. Results indicate that
the reliability characteristics of the system increase with the increase in replacement rate, and it
decrease with increase in failure rates.
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Behaviour of MTSF w.r. t. a for different value of replacement rate &
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Behaviour of Profit w.r.t. y, for different value of replacement rate ¢,
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