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ABSTRACT

In this paper we introduce con-k-normal polynomial and con- k-unitary polynomialmatrices
and study some of its properties.
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I.INTRODUCTION

Let €™ *™ be setyof all polynomial matrices, overithe complex field of order n.

Let k> be a fixed product of_ disjoint, transpositions in S,= {1,2,3...,n} and K be the
associated permutation matrix land K2 =l , K = K' = K". Any matrix A is said to be
con-k-normal if AA'K = K&"A =KA' &' [2], whef&A , AT, A" denote conjugate, transpose,
conjugate transpose of a matrix A respectively. lnthis paper, we study the concept of con-k-
normal and unitary“polynomial matrices as a generalization of k-normal and unitary
polynomial matrices[1].

1. CON-K-NORMAL POLYNOMIAL MATRICES

In this section, we givesthe definition of the con-k-normal polynomial matrix and
some of its basic algebraic properties are studied, as a extension of k-normal polynomial
matrices[1].

Definition: 2.1

A con-k-normal polynomial matrix is a polynomial matrix whose coefficient matrices
are con-k-normal matrix.

Example: 2.2
_Tix+1 1
AR) = [ 1 ixti

] is a con-k-polynomial matrix.

Here, A(X) = A; X+ Ag
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i 0 1 .
= ;1 i]x + [E I.],where Ay, A; are con-k-normal matrices.

Theorem: 2.3

If AN , BML) € ™" are con-k-normal polynomial matrices and
A(MB(A) = B(M)A(L), then A(M)B(L) is a con-k-normal polynomial matrix.

Proof :

Let AV = Ao+ Ad+ ... + A" and B(A) = Bo+ BiA + ... + B,A" be con-k-normal
polynomial matrices, Ao, A; ... Asand By, B, .. B, are con-k-normal matrices. Also given ,

AM)BA) =BMAQR)
AMB(A) = A By + (AgB1+A1Bo)A+...+( AgBr+AdB,.1+... +ABo)A
B(M)A(L) = BoAg+ (BoAr+B1A)A+.. . +(BoAg#B1A, 1+, . . +BrAg)A"
Here each coefficient of A and constants‘terms,are equal.
(i.e) AoBo = BoAo
AoB1+ A1By =pBoA1+B1Ag

=> A¢B; = BoA; and AiBg=BA, ..

=>  ABo= BoAn AiBn1=BiAn ..., AoBr= BrAg
Now we have to prove A(A)B(}) is con-k-normal polynomial matrix.

A BV [AL) B K= AL B@) A" (L)B (MK

=AM A MWBMHB MK = AMAMWKB'M BX)

=KA" W) AR B'WBMA) =KA"WB'(W)AMD) B

= KB AW B AM] =K [A}) BW]' [AR) B(O].
Hence A(M) B(A) is con-k-normal polynomial matrix.
Theorem:2.4

Let A(L) € C™*™ | then the following conditions are equivalent:

(1) A(}) is con-k-normal polynomial matrix.
(ii)  A(A) is con- k-normal polynomial matrix.
(iii)  AT(X) is con-k-normal polynomial matrix.
(iv)  A’() is con-k-normal polynomial matrix.
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(v) hA()) is con-k-normal polynomial matrix where h is a real number.

Proof:
(i) <=> (ii):
A() is con-k-normal polynomial <> A(L) A"(L) K = K AT(L) A(A)
S AR) A (A K =KAT(DAR)
S A ATMK=KA L) AQ).
& A(A) is con- k-normal polynomial matrix.

(i) <=> (iii):
A(}) is con-k-normal polynomial < A(MA™(V)'K = KA (L) A(L)

® (AWATQ K)T = (K A" AT
& KA ()" AT(2) = ATE,(A"(2))T KT
S KA AT(A) A" (W) AQYK

Pre and post multiply by K on both sides,
& AJAT D) K KEA"() AL
< AT()) is con=k-normal polynomial matrix.

(i) <=> (iv):
A()) is con-k=normal polynomial & AQA @K = KAT(L) A(L)

® (AMWA MK) = (KATW) A )
SKAW)AM=EmD) AT K
KAL) A"V =A"W) AR K

Rre and post multiply by'K on bothsides,
& AMA W) K=KAT) A

< A'( L) is con-k-normal polynomial matrix.

(i) <=> (v)
A(}) is con-k-pormal polynomial <& AM)A" (L) K = KAT(L) A(R)

& h(AWA W) K) = h?(KAT) AR))

& (hAQW) (hA'W)K=K(hATQ))(hA®))
& (hAMW) (hA'W)K =K (hAT))( hAD)
< hA()) is con-k-normal polynomial matrix.

Theorem: 2.5
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If AL, B(A) € C™*™ are con- k-normal polynomial matrices A(A) B (W)K = K
B'(\) A(A) and B(L) A" (MK = K AT(L) B(A), then A(A)+B(A)and A(X)-B()) are con-
k-normal polynomial matrix.

Proof:
Since A(L) and B()A) are con-k-normal polynomial matrices.
We have A(MA (MK = KAT(L)A(L) 1)
and B(M)B (WK =KB'(L) B(A) (2)
A + BA))(AMW)+BA) K = A) A" (WK + AL B' (WK + BA).A (MK + B(L)B(L) K

= KA\ A + KB'(L) A+ KA'Q) B(A) + KB'(L) B(A)
=KA'() (A + B )#KB'(W) ATA) + B )
=K(AM +B'W)(AM) + B,)
= K(A() + B (AT + B

Hence A(A) + B( L) is con-k-normal polynomial matrix.
Similarly we can prove, A(L) - B(X) is con-k-nermal pelynomial matrix.

Theorem: 2.6

If A(A) € C™*™ is con-k-nermalipolynomial matrix then iA(X), -iA()L) are con-k-
normal polynomial matrix.

Proof:
A(}) is con-k-normalpolynomial \=> AW)A" (WK = KAT(L)A)

SP(AMA MK) =i%(KATR) AR))
& (1AW) (-0 AQW) K =K (I AT))(-(GAT))
@ (1AW) (AMW) K=K ({AR)" (AD))
< 1A(}A) is con-k-normal polynomial matrix.

Similarly,

we can prove -1A(}) is con-k-normal polynomial matrix.

1. CON-K-UNITARY POLYNOMIAL MATRICES

In this section we have given the definition of con-k-unitary polynomial matrices and
obtained its equivalent conditions.

Definition: 3.1
A con-k-unitary polynomial matrix is a polynomial matrix whose coefficient matrices
are con-k-unitary matrices.
Example: 3.2
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?| is a con-k-unitary polynomial matrix.
L

a .
i] .where Ag, A; are con-k-normal matrices.

Theorem: 3.3
Let A(A) € C™*™ | then the following conditions are€quivalent

(i) A(}) is con-k-unitary polynomial matrix.

(i)  A(X) is con- k-unitary polynomial matrix.

(iii)  AT(L) is con-k-unitary polyfiomial matrix.

(iv)  A’() is con-k-unitaryolynomial matrix.

(v) hA()) is con-k-unitaryspolynomial matrix, where h isi@ real number.

Proof:
The proof is similar to that of theorem 2.4.

Theorem: 3.4

If A(L), B(A) € C™*" are con-k-unitary.polynomial matrices, then A(L)B(}) is con-
k-unitary polynomial matrices.
Proof:

A() is k- unitaryipolynomial then A(MA" (L) K = KATWAX) = K.

B(2) is k- unitary polynomial thenyB(L)B (MK = KB'(L) B(A) = K.

(AMBM)(AMB) K= AWBR) A'() B'(WK
= AWA (L) B(L) B’ (MK
=AMA' WK =K =KATWAMB (W) BO)
= KAL) B"(L) AD)BAY)
= K(AWB®) (AB@))

Hence (A(M)BM))( AMB(L)) K =K(AL) B(W) AA)BMA) = K.
A(M)B(A) is con-k-unitary polynomial matrix.

Corollary: 3.5
If A(L), B(A) € C™ " are con-k-unitary polynomial matrices, then B(A) A(L) is con-
k-unitary polynomial matrices.
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Theorem: 3.6
Let A(L), B(A) € €™ ™ | If A()) and B(A) are con-k-unitary polynomial matrices, then

B(AM)A(L) is con-unitary polynomial matrices.

Proof:

Since A(A) and B(X) is k- unitary polynomial then A(?»)A*(k) K= KAT(X)A (M) =K
and B(L)B' (WK =KB'(A) B(A) = K.

From the above two equations, we have
AMMA (L) K BB (WK =KAT(L) AR KBTOWBMA) = I,
=> KBMWB WK=KA"LW)AGZ] K=1,
BB (W) =ATMWAR) =1,
B(WK?B'(V) = AT WKEA) = I,
BLW)AMWA WMKKB (L) = AT KK BTGB A7) = I,
BLAM( BAYAQ) = (BAWAM) BAY A= I,
B(M)A(ML) is con-unitary polynomial matrixs/Hence the proof.
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