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ABSTRACT

In this paper we introduced the concept of fuzzy k-normal and fuzzy k-normalspelynomial
matrices and study some of its properties.
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I.INTRODUCTION
Let F =[0,1] be the fuzzysalgebra with operations addition'and multiplication defined as

a+tb=max {a b}and ab =min{a, b}, for every a, b /& [0,1]. A fuzzy matrix A of order
n X nis defined as A = [x,; ,a;;], where.a,, iStaimembership value of the element x; in A.

For simplicity, wé write A as A = [lag], a;; € [01]i,j=1ton[2]. Forany matrix A €

F™" (set of all fuzzy matrices of ordern), the transpose of A is denoted by A" and is defined
as A'={a;],i,j=1tomA € F""is said to be normal matrix if AA= ATAand is
said _t0 beh unitary matrix if AA" = ATA = I,. Let k be a fixed product of disjoint
transpositionsiin S,= {1,2,3...;a} and K be the associated permutation matrix of k and
K? =1, K = K. Here, we made a study about fuzzy k-normal and polynomial matrices as an
extension of k-normal and“unitary polynomial matrices discussed in [1] for complex
matrices.

Throughout this paper, we consider all the matrices are fuzzy matrices.

. FUZZY K-NORMAL MATRICES

In this section, we defined the definion of fuzzy k-normal and fuzzy k-unitary
matrices and discussed its algebraic properties.

Definition:2.1
A fuzzy matrix A € F™"is said to be fuzzy k-normal if AATK = KATA.
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Example:2.2

ot A=[% 2] k=2 3 e

0.1 EI.E]
01 01

AATK = |

= KA'A, Ais a fuzzy k-normal matrix.

Theorem:2.3
Let A € F™*"  then the following conditions are equivalent:

(i) A'is fuzzy k-normal matrix.
(ii) AT is fuzzy k-normal matrix.
(iii) hA is fuzzy k-normal matrix where he F .

Proof:
(i) © (ii):
Ais fuzzy k-normal < AANK = KATA
& (AATK) = (KATA)T
& KANAT=AT (AT K
SpA' is fuzzy k-normal matrix.
(i) < (iii):
A is fuZzy k-normal & AATK = KATA.
@ hPAATK = PKATA
< (A (hA)TK= KhAT (hA).
< hA isfuzzy k-normal matrix.
Theorem:2.4

If A, BE FE“® are fuzzy k-normal matrices and A B' K = K BT A and
BATK=KATB, theh A+B isfuzzy k-normal matrix.

Proof:
Since A and B are fuzzy k-normal matrices.
Wehave AATK=KATA and BB'K=KB' B.
(A+B)(A+B)'K=AA'TK+BB'K+ AB'K + BATK
=KATA+KB'B+KB'A+KA™B =K (A+B) (A+B).

Hence A + B is fuzzy k-normal matrix.
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Theorem :2.5

If A,Be&g F*™™are k-normal matrices and AB = BA, then AB is also a fuzzy
k-normal matrix.

Proof:
We have to prove [AB][AB]'K = K[AB]'[AB]
AB [AB]' K= ABA'B'K =AABB'K = AA'K B'B=K [BA]'[AB]
= K[AB]'[AB].

Hence AB is also a fuzzy k-normal matrix.

Definition :2.6

A matrix A € F™ is said to be” k-unitary if AA"K =KA"A = K. If it satisfies the
condition then the possibility of A is a kind of invertible matrix, in particular it will be a
permutation matrix.

Theorem:2.7
Let A € E®“" | then the'following conditions are equivalent
(i) A'is fuzzy k-unitary, matrix.
(i) AT isffuzzy k- unitary matrix.
(iii)hA s fuzzy k-unitary matrix where he F .
Proof:

The proof s similar to that of theorem 2.3.

Theorem:2.8

Let A, B € F™* ™ If Aand B are fuzzy k-unitary matrices, then AB is a fuzzy
k-unitary matrix.

Proof:
A is fuzzy k- unitary then AATK = KATA =K.
B is fuzzy k- unitary then BB'K = KB'B = K.
(AB) (AB)'K=ABB'A'TK=ABB'KKA'K =AKKATK=AATK =K.
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K (AB)"(AB) =KB"ATAB=KB"KKATAB=KB'KKB=KB'"B=K.
Hence (AB) (AB)"K =K (AB)" (AB)=K, and AB is fuzzy k-unitary matrix.

Theorem:2.9
Let A,BE F™** _If A and B are fuzzy k-unitary matrices, then BA is fuzzy unitary
matrix.
Proof:
Since A and B is fuzzy k- unitary matrix, then
AATK=KATA=K and BB'K=KB'B=K.
From the above two equations, we have
AATKBB'K= KATAKB'B=1I,
=> KBB'K=KATAK=d, =>BB"SAA" =,
=>BK*B'=AK*AT <], =>BAA" KKB*=ALKKB"BA =1,
=> BA(BA) = (BA)'BA=I,.

=> BA is fuzzy,unitary matrix. Hence the,proof:

1. FUZZY K-NORMAL POLYNOMIALMATRICES

In this section we have given the definition of the fuzzy k-normal and k-unitary
polynomial matrices. and some of‘its basic algebraic properties are studied which are
analogous to that of k-normal polynomial matrices [1].

Definition:3:1

A fuzzy" k=normal“polynomial matrix is a polynomial matrix whose coefficient
matrices are fuzzy k=normal matrices.

Example :3.2

Let A(X) be a fuzzy k-normal polynomial matrices.

A(X):[n.1x2+u.zx+u.1 02x*+03x ]
0 0.1x*+02x+401

— [0.1 0.2] W2+ [0.2 0.3]:( + [0.1 l:l]

0 01 o 02 o 0.1

= A, X2+ A x + Ay Where Ay, Ay, A, are fuzzy k-normal matrices.
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Theorem :3.3

If A, B(A) € F(A)"*™ (set of all fuzzy polynomial matrices of order n) are
k-normal polynomial matrices and A(A)B(A) = B(A)A(X), then A(M)B(L) is also a fuzzy
k-normal polynomial matrix.

Proof :

Let AM) = Ao+ AL+ ... + A" and B(A) = Bo+ BiA + ... + B,A" be fuzzy
polynomial k-normal matrices, Ay, A; ... Ay and By, B, ... B, are.fuzzy k-normal matrices.
Also given ,

AQB() = BOWYAM)
AMBA) =AoBo + (AoBl+AlBo)7\,+...+( Aan+Aan.1+...+AnBo)7\,n
B(MAM) = BoAo+ (BQA1+BlA0)7\,+...+(B0An+BlAn.1+...+BnAo)7\,n

Here each coefficient of A and constants terms are equal.
(i.e) AoBo = BoAo
AoB1+ A1By SIBeA1+B1A) => AoB1 =3BoAT  and ABo=BiA, ..
AoBn+AB 1+ ... +ANBy = BoAn+BiAREE... . +BrAg
=>  ABoZ BoAn AiBn1= BiAd1 . AgB=BrA
Now we have to'prove A(A)B(1) is k=normal.
AWB®M) [AMBM)]"K=AMBML) ATMBTW)K = AW)AT(LW)BM)BT (MK
= AMATWK BTAMBOY) = K[BMAM]TAR) BOW] = K [A®R) BWITAQM) B

Hence A(X) B@) is also a fuzzy k-normal polynomial matrix.

Theorem:3.4

If A(\) € F(A)*™™ , then the following conditions are equivalent:

(i) A(A) is fuzzy k-normal polynomial matrix.

(ii) AT(2) is fuzzy k-normal polynomial matrix.

(iii) hA(}) is fuzzy k-normal polynomial matrix, where h € F.

Proof:

The proof is similar lines to that of theorem 2.3.
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Theorem:3.5

If AQ) , B € F(A)"*™ are fuzzy k-normal polynomial matrices and
A BT() K=K B'(A) A and B(L) AT( L) K = K AT( ) B(), then A(A) + B( L) is
fuzzy k-normal polynomial matrix.

Proof:

The proof is similar lines to that of theorem 2.4.

Definition :3.6

A fuzzy k-unitary polynomial matrix is a polynomial matrix whose coefficient
matrices are fuzzy k-unitary matrices.

Theorem:3.7

If A(L) € F(A)"*™ , then the following conditions are equivalent

(i) A()) is fuzzy k-unitary polynomial matrix.

(i) AT(}) is fuzzy k- unitary pelyiemial matrix.

(iii) hA(}) is fuzzy k-unitary polynomial'matrix; where hs F.

Proof:

The proof is'similar lines to that of theorem 2.3.

Theorem:3.8

Let AQ)pB(L) € F(A)™ " . If A(L) and B() ) are fuzzy k-unitary polynomial
matrices, then A(A)B(A ) is Tuzzy k-unitary polynomial matrices.
Proof:

The proof is similar lines to that of theorem 2.8.

Theorem:3.9

Let A(A), B(h) € F*™™® _If A(L) and B(L ) are fuzzy k-unitary polynomial matrices,
then B(A)A()L) is fuzzy unitary polynomial matrices.

Proof:

The proof is similar lines to that of theorem 2.9.
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